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Ideal-Gas Laws: Simple Processes

Compression of a gas volume, at
pressure equilibrium,

P = P,,; = atmospheric pressure

P=F/A=P,
wW=-F-Ah=-P-AV
AV > 0: Expansion;

AV < 0:Compression

Sign Convention: Work is counted positive (w > 0) when it increases the
internal energy U of a gas.



Gas Laws: Ideal-Gas Equation of State EoS

Phen_Process

Joseph Louis
Gay Lussac

W. Udo Schroder 2021

Robert Boyle, Guillaume Amontons, Gay-Lussac
Response of dilute gases of specified amounts (#moles = n,
Avogadro)

Boyle's Law P(V)oc1/V or IP-V:const(n,T)

Amontons' (Gay —Lussac's) Law | P(T) :P(O)-[1+a-TC]oc T

Charles' Law V(T,) :V(OOC)-[1+a-TC] %lV(T)ocTyKelvin)
a = 3.66-10-3/0C » 1/273°C > absolute temperature T

Compression Robert Boyle: gas pressure p increases with

| external force F = p-A, scales with number of
i particles (N) or (n) of gas moles
“ I EoS of P-V=n-R-T=N-k,-T
Ideal Gases

P=p-k,-T

Dalton's Law partial pressures|P = ZPi




Amontons' Paper and Setup
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DISCOURS SUR QUELQUES

propriétés de I Air , & le moyen d’en connoitre la
stempéraure dans tous les climars de la Terre.

Par M. AMONTONS.

Es expériences qui peuvent conduire i connoitre la ,,,.
nature de 'air dans lequel nous vivons, font d’'une :8. Juin.
conféquence affez confiderable pour mésiter qu'on y faffe
une particuliére attention. Celles que je fisil y a trois ans
fur la dilatation de Pair par la chaleur de I'cau bouillante,,
me firent connoitre que des maffes inégales d'air chargées
de mémes poids ou de poids égaux , augmentoient égale-
ment la force de leur reffort par des degrés de chaleur
¢gaux; & comme mon principal but dans ces expériences
¢roit de connoitre de combien la chaleur dg I'eaubouillante
augmentoit le reffort de l'air au-deflus de ce qu'il en confer-
vedans I'eau que nous appellons froide, ces expériences me
porterent pour lorsa croire que ce n'étoit que d'une quan-
tité capable g'e g:ﬁ;’cnir d:_x l;:éom:e:l en hauteu:l de .mcrcu‘;_z
outre i atmofphére : mais ayant u Rinen
plus loinP:u cxpéxiencesp, fai trouvé que le rﬂr‘: s: lair
augmenté par la chaleur de I'eau bouillante n’étoit pas fixé
ane foitenic feulement que dix pouces de mercure plus que
la charge de l'armofphére ; mais qu'il en folitenoit plus ou




Ideal-Gas Equation of State EoS

Pressure (N/m?)

Ideal-Gas Isotherms

2107t 3107 4107

Volume (m=)

Complete description of macroscopic
equilibrium state of any dilute gas:

Ideal gases have only one phase (g)
State Functions (variables)

Pressure P, volume V, temperature T.

PV=n-RT=N-k T

Force F = P-A-2 P-V = energy content

Idealization: At T=0: P=0,V =0.
Idealization not viable at T=0 high
high matter density = particles interact

Gas Constant R =8.31451 J/(K-mole)
Boltzmann Constant kg = 1.38.1023 J/K



The (Ideal-Gas) Equation of State

al.Cac FOS PV =n-RT; n=# moles, T2 U
Ieal-Lzaz KOS Non-interacting 2 Only gas phase! |

/ —
WA AN % &
YA RASAYN)
YAYALN \/ \)
AYATALY Y A
YAR\AY
I

JATAIAT W W
| ‘*\‘ IO
\

W
(I

p(V, T)=nRT/V
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Ideal Gas Constant R
R =0.0821 liter-atm/mol-K
R =8.3145 J/mol-K
" Q‘l\ R = 8.2057 m3-atm/mol-K
Q’Q R =62.3637 L-Torr/mol-K or
({-\ L-mmHg/mol-

V(I) 100 L & ©

State functions p, V, T,... . Molar p(V,T) hyper-plane (monotonic) contains all possible gas
states A. There are no other states of the gas.



The Adiabatic Equation of State

Relation between internal energy of ideal
gas and pressure-volume relation.

Adiabatic expansion means (here)
no exchange of heat energy, dg = 0.

dg=0—-dS=0,dU=0
Calculation for 1 mole ideal gas
O=dg=dU+p-dV - dU =-p-dV

du(V,T) = M%%j dT =C, -dT
T aT 4

0-C, dT+p-dV=C,-dT + 2T av
dT dVv dT C,-C, \dV
c, L R _o p v |97 _ Vo
v T+ v —>T+[ C, jV T -V’ =const.
p -V’ = const.
¢, dT av .
y=-—+;, —+(r-1)—=0 T7 . p*” = const.




Pressure Units

pascal bar technical atmosphere
Ve T
Pa bar at

1Pa =1 NIm? 1077 1.0197x107°

1 bar 10° = 10° dyn/cm? 1.0197

1at | 0.980665 x10° 0.980665 = 1 kplem?
fatm|  1.01325x10° 1.01325 1.0332
1Torr 133.3224 1.333224x10™° 1.359551x10™>

1 psi 5.8948x10° 5.8948x1072 7.03069x107




Transitions Between States

Ideal-Gas EOS

—————— Process 1
p(Pa) A> B
1102 SRRy along Path 1
7.5-10% I WA AR Two different states
A “ (A and B)
5-10
e of the same gas.
2.5-10%
vy S
N ©
"1 e &
V(i) 100L &

State functions p, V, T,... describe the system states but not the processes connecting
states. Two states A, B can be reached by different processes representlng different
pathways on the {p,V T} hyperplane. The two processes A——>B and A—*>B

A->B differ by different relative amounts of energy transfer via absorption of heat and work.
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A Circular Process Connecting 2 States

Ideal-Gas EOS

—————r Process 1
p(Pa) R A> B
1-102_¢ TR | along Path 1
I\ !'i“‘""'\‘ \\ , =
¥l “‘\‘\ 3
7.5-10% W’M&\\S\ ANAR R SRR :
' MM“» NS , A circular process
VAN - A->B->A returns the
5.10% system to its initial state
after a combination of
| : different processes.
2.5-10° x /
Inverse process 2 .
B> A &
0 along Path 2 Ql‘\
Q A
V(l) 100 L AS
In reversible processes, system and surroundings may do different amounts :>
of work and absorb different amounts of heat. Cyclic processes based on this

principle can exchange different forms of energy between system and

Specific
surroundings, e.g., system can do work in exchange of absorbing heat.

| Elements
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Isobaric Compression

Compression by constant

p(Pa) | external force (pressure
: Pext) iN equilibrium with
1-10 || gaspressure, p = pg.=
|} Pext-
Jad
7:5:10 Q: How can pressure p =
Pgas D€ kept constant
5.10% =( during compression?
A: ??
2.5-10°
=
N
. 2\
1 &
O A
V(1) 100L N
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Isobaric Compression

Compression by constant

S L
p(Pa) external force (pressure
: Pext) iN equilibrium with
1-10 i || 9gas pressure, p = Pgas=
) pext'
o
7.5:10 Q: How can pressure
P = Pgas b€ kept constant
5.10% =0 during compression?
4 A: Gas has to be cooled
2.5-10 but p:V = R-T (nh=1)
&
AN > Use EOS to
0 L calculate how
1 O AN much cooling is
V(1) 100L N needed.
p = const.
A(p-V) = p ‘AV = A(R:T) = RAT A(pV) AV AT AU 0
- = = = <
p -V = =R T pVvV V4 T U

g
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p(Pa)
1-102

7.5.10%
5-107

2.5-10%

Isochoric (AV = 0) Pressurization

Pressurization at constant
V is not associated with p-
V work, but the internal
energy U changes.

Q: How and by how much
does the internal energy of
- a gas cylinder change in
the pressurization by
10%7?
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Isochoric (AV = 0) Pressurization

Pressurization at constant
V is not associated with p-

p(Pa) 1 v work, but the internal
5563 A I energy U changes.
! AN . Q: How and by how much
< 5.10% does the internal energy of
v\ - a gas cylinder change in
e the pressurization by
5-10% 10%?
A: By heating to 110% of
4
&R0 I leitial T,
S
0
£
' oL N
V = const. V()
—> = = =
p-V = = R:T pV p T U
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Isothermal Compression

p(Pa)
1-102

7.5-10%

e

»

Compression by
external force in
equilibrium with
varying gas pressure,
p(V) # const., with
constant temperature
T = const.

Q: How can the
temperature be kept
Jconstant when work is

WS .‘/'.

fro o 3 -
S & done on the gas, in a

N\ ion?
,&' compression
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Isothermal Compression

. Compression by
external force in
equilibrium with
varying gas pressure,
p(V) # const., with
constant temperature
T = const.

p(Pa)
1-102

7.5-10%

5-107

Q: How can the
temperature be kept

R Qs{\constant when work is
> > done on the gas, in a
@ compression?

2.5-10%

2
V(I) 100L N°

A: Isothermal compression does not increase the internal energy.
Applied work must be counterbalanced by emission of heat (cooling).
Forq = -w, 2> AU = q+w = 0. - can be AS=0

qed Ly



Adiabatic (Isentropic, g=0) Expansion

g=0-5dS=0->T-V"!=const.;

p(Pa)

1-102¢

75104 I\ |

7/

5-10%

2.5-10%

A: If work w = 0,

-

Ifw#0, ....

Expansion against an
external force F (#,=0)
in equilibrium with
varying gas pressure,
p(V) # const.,

no exchange of heat
energy, g = 0.

Q: How does the
internal energy change?



Adiabatic (Isentropic, g=0) Expansion

g=0,dS=0->T. V"' =const.;

p(Pa)
1-101:

7/

75104 I\ |

5-10%

2.5-10%

-

7/:C_p

Cy

100 L A

Expansion against an
external force F (#,=0)
in equilibrium with
varying gas pressure,
p(V) # const.,

no exchange of heat
energy, g = 0.

Q: How does the
internal energy change?

A: If F=0 - work w = 0 (in addition to g = 0), > AU =0, i.e,,

U = const., and therefore T = const. (but Ap < 0 &AV>0)

Ifw#0,then AU =g +w=wand AU = C, ‘AT = w < 0 > AT <0. ->can be AS=0
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Reversible Processes

Of interest for cyclic
machines.

Slow equilibrium processes
A B, subject to boundary
conditions of:

1. Ap=0 (isobaric)
2. AV =0 (isochoric)
3. AT =0 (isothermal)
4. q =0 (adiabatic)

follow well-defined,
constrained routes in the
{p, V, T} hyper-plane of
states. Can easily be

Vil 100L & < Vil 100L S ° inverted >reversible
processes.

Reversibility is not guaranteed for all processes involving an ideal gas.
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Isobaric Compression

Compress 1 mole at p=const.

Work done on system:
2 2
\\\\ w:—Lpaqu:-pLdV>o
w_. =p-(V,-V,) =—p-AV =-R-AT = Shaded Area

AT < 0 system cools by emitting

q:CwAT:gR~Eé!:—gW<O

Enthalpy change (for p=const.):
AH=C AT =C [T,-T]=q<0
— | = emitted heat (internal energy)
AV ' AU =q+w=(C, —R)-AT

Internal energy change :> AU :CV '[Tz —Tl] <0

Inverse process: heating gas by g at constant p, e.g., p=p.:, , leads to
expansion, V, 2 V>V, 2 drives piston out > q=4U-w =C,AT+RAT= C,AT.
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Decompression

Isochoric (V = const.) decompression
- of 1 mole w =-pAV=0

1)$ q=C, -AT <0 Work done on system w =0 (AV = 0)
\ But AU < 0, — system emits heat

2 q=Cy AT =Cy [T, ~T]

A
T op =TS p; 7 P = (Tl /T, )1_7

p: 1. Law of Thermodynamics :

AU =g+ =q =C, -[T,-T,] <0

Enthalpy change

Py AH =AU +A(pV) =(C, +R)-AT
=C,-[T,-T] (always=C,-AT)

NOTE : AH # g (since p = const)

Inverse process: heating at constant V, leads to increased temperature
and pressure. Use adiabatic EoS to evaluate.
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Isothermal Expansion/Compression

Internal energy U of ideal
gas U=function of T alone

|2

" N

2

p:

T-AS = X[+ pAV =

System : entropy gain

R-T-In(\éJ>O
V

1

-W :J"_:' dV p(V')

AS:R-In[

Val_9
Vv, ) T

>0

w = - area under curve p(V)
Total work (1 =22):

Use|p-V =R-T|for expanding 1 mole

w=—["p(v)av = —R-chi/—vz

=R-T-In[ﬁj<0

v,

w < 0 — system does work on surroundings
But AU o« AT =0 — g > 0 (absorbs heat)
1.LTD: q=AU —w=-w

=0

[>q=—R-T-In(£]>O
V

2

In isothermal expansion, system
absorbs heat and increases entropy.
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—Nork/Heat in Reversible vs. Irreversible Processes

A

Pyas A A’ System interacts thermally with environment,
______________________________ ) Equilibrium: AT=0-> path on an isotherm.
8|2 In g_e_ntl_e process A > B, system always at
% 3 equilibrium (e.g, pex dV= pgasdV+q),
2|z system produces maximum work.
S (balance by including the -sign, sign convention!):
o cap, Moy
Pac Bl OB L) Wrey < Winey <0 [Wigy 1> Wi

Where did the difference Aw go ? Nowhere!
Also less/no heat exchanged on irreversible path.

1. Law TD, and since U is a state function,
If AUA%B = AUA'%B 9 (q+W)rev = (q+W)irrev

9 Wrev < Wirrev 69 CIrev > qirrev=o

The largest (negative) amount W, is delivered in reversible
process = (.., IS largest amount of heat system can absorb
reversibly and convert into work.

Opening valve @t,; > Expansion

[>Irreversible, spontaneous processes: Inefficient conversion of energy to useful work.
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Expansion-Compression Cycles

The gas absorbs heat energy and
does work,

W = w;+ w, = G [Ty-Ty]

Not all heat is converted, some is
waste heat.

1) Isothermal expansion @ T, (Heat bath)
2) Isochoric decompression @ V,=const.,
3) Isothermal compression @ T, (Cold sink)
4) Isochoric compression V,;=const.,
Energy balance:

1) gas does work wW;=-qq; AU =0
2) gas emits heat qg< 0; AU < O
3) gas receives work w,=-q,; AU =0
4) gas absorbs heat q> 0; AU > 0
Total int. energy change: AU = 0 (cyclic)
Total work done by system w= w;+w, < 0
Total heat absorbed: q=qg;+ g,=-w > 0

Net effect: System absorbs external heat 2>

- and does work on surroundings (=engine).




26

P

__ CamotCyde

4 Adiabatic (g = 0) EoS
(Py, V1) B (G =9)
T-V™" =const; y=c,/c,
g=0 T,
(P, V)
(P4 Vy)
q=0
P3. Vs)
> \/

Exchange with external surroundings

Similar to previous examples:

1. Isothermal expansion @ T,=T;

2. Adiabatic expansion T,»> T.=T,

3. Isothermal compression @ T.<T,
4. Adiabatic compression T.> T,

- Adiabatic works cancel:w,; +w,; =0

Adiab. expansion/compr. -2

VIV = VoV, > VIV = VIV,

Energy balance: w = q; +q, > O
on isothermal portions: q,;/T, =-q,/T,

G =—w=["p dV:R-Tl-In[%j>O
H ' H U s,

q, =—W, =J'\Z4 p dv :R-TZ-InE\\%]<O

3

b Y As,>0- | A4S, +4S,=0

S = state function | For any process:

ASA—>B 2

qA—)B

T

1 2

|AS,| =|AS,| = AS

= sign only for reversible A— B.

For irreversible processes AS, ; > q‘_‘r—*B >0, -0,z =0 for intrinsic equilibration
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Entropy Flow in Carnot Engines

Entropy AS from the hot reservoir enters the
v engine: heat g, = AS-T,, produces work and
leaves it again with a heat energy of -
q.=AS-T., which is dumped into cold sink.

Analogy: Reservoir water stream (AM ), V, = AM+g=h; -
hydro-turbine, produces work, leaves with V,= AM=g-h,
dumped into the river. Work w = AM-=g-(h,-h,) <0

Inlet

Reservoir

Turbi Mass flow j, « dM/dt. Entropy flow j. « dS/dt

js = F(T)j, ~heat flow




Efficiency of Carnot Engines

Theoretical Carnot Efficiency

4G=AST, AS-= |AS|

e g =Tl
-w:—A% Mﬁgcrw;_l_&) C qh qh
T
L : & =1+$:1— : >1
T, ’ C qh Th T, >
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Schematic of Thermal Engine Process at p,T = const.

U =const

_Usenst g = AH —

—(T,-T,)-AS =—(T*‘T;TCJT,1 - AS

=
I

h

4

2 heat




Cyclone Weather Pattern: Hurricane
T, 200K

After: Kondepudi, pp. 117-120
Tropopause 15 km
g . =) Ry
‘\ TR QAR / ..adiabatic cooling C isothermal compression
" ‘~\ condensation, emitting h, .,
D

" Fg
b ‘|' U?
v'y =
HE
Vls 4@
2 R
—
g -~
=

adiabatic compression
dry air
Mechanical wind energy

converted by friction to heat
at ocean surface, adding to

ocean temperature

vortex from * il ;.0
Coriolis e
+ friction

7 Isothermal expansion
picking up moisture, hy,
- A

i |
T, 300K

i i AR
/i dry
Ocean '
- dQ,/dt J1* moist
100 km

]dQ partially dissipated at surface

Tl — T2
T2

Hurricane mechanical energy I ~(

Maximum wind speed [Umay| ~ \/(Tl_;—TZJ(h_h)
2
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1) Net work Make an arbitrary cyclic process out of

T done by gas elementary isothermal and isochoric

processes -2
Heat energy q, is absorbed at a high
temperature(s) T,, and partially

dumped, |g,| < |q|, at a lower

q2 — v temperature(s) T,

The difference (q; + g,)= q;-195]| is
converted into useful work done on

surroundings by the gas.

Random heat energy is converted into orderly
collective energy (work, pushing a piston, turning a



Spontaneous Reactions Require Free Energy Gradient

e System in contact with an external energy donor

Laice i Banden Moton ("Heat Bath” @ T=const.).
e Bath can provide work-equivalent heat g, at no “cost”
00000000 (T= const.) converted into non-trivial (non-pV) work

0000000

O00000O0O e . - .
00000000 Wiotat = Wpy + Weura (Chemical rxn, melting, electric, ...)
0000000 ; : >

0000 000 Consider isothermal reaction 122 at T, p = const.:

When is AS,,, >0 (spontaneous) and produces W, ?

Criteria for spontaneous equilibration

% AG < w. <0 Eta-Theorem: g <S. ., — dS/dt >0

v Extent x(t) of reaction ° v, -N, =0;

ky\"z J stoichiometric coefficients v, <0 for reagents N,, products > 0
equilibrium N (t) = Ny (t = O) + Vi °X(t) —>0< X(t) <1

T ) d (dx)d d . dx
Reaction Variable Sl— = ~ : rate of conversion Uy = | —
Reaction Extent x dt dt /dx dx dt




Spontaneous Reactions Require Free Energy Gradient

AG

Lattice i Random Mobton

O00000O00
00000000
CO0O00000O0
0000000
O0Q0000O0O0
O00000O00
00000000

0000000

A\ <w,,. <0

b,
‘(QZJ

equilibrium

Reaction Variable
Reaction Extent x

4

Eta - Theorem: S <S,,, — 0S/ot > 0 spontaneous

Spontaneous processes occur whenever

o o
6—XA(V,T,N)<O or a—XG(p,T,N)<O

Helmholtz Free energy A(V,T,N)=U-T-S
Free energy G(p,T,N)=(U+p-V)-T-S=H-T-S

AL,G<0—>A_,H<A ,(T-S)>

A,y (T-S)>[Hy—H[=A,,(U+p-V)

Ao (T-S)> (U =Up)+p-(V, -Vy) =AU -wy,
E>Al_>28 >dq, ,,/T —spontaneous, not reversible

Spontaneous : 2—8 >——




Ideal Otto Cycle

1) Intake stroke ( 1->2 ), gasoline vapor and air drawn into engine.

2) Compression stroke (2->3) . p,T increase.

3) Combustion (spark) (3—=>4), short time, V= constant. Heat
absorbed from high-T “reservoir”.

4) Power stroke: expansion (4->5).

5) Valve exhaust: Valve opens, gas can escape.

6) Emission of heat (5->6) to low-T reservoir.

7) Exhaust stroke (2> 1), piston evacuates cylinder.

V = Volume constant volume process
p = pressure
4 ; i
adiabatic process
Combustion Process s o T
Power Stroke cams
3
P Heat Rejection
rd
Compression Stroke = ’//1/ 6
2 crank
/ \ shaft
Intake Stroke Exhaust Stroke fly
wheel
v




Energetics of Otto Cycle

C, = Specific Heat constant volume 4
Y = Specific Heat Ratio

p = pressure
T = Temperature

V = Volume p
f = fuel/ air ratio s\ W=Work 5
Q = Fuel heating value
cps= cycles per second 6
P = Power 1 2
V,/V, = r = Compression Ratio v
Compression Stroke: Combustion : Power Stro{(g:
T3!T2="v_1 T,=T;+1Qlc, L 3 S X
py/p,=r" P,= P 3T/ T5) P/p=r""
0 =
Efficiency : & = —— = Oooa *Gss _ o (T ~To)+¢ (To—T) iﬁ*
U4 04 G (T4 _T3) .10 :
e zl_M § :g:
(T~ Ts) " 1ol
Adiabatic EoS [T AVAL I const.] > |le=1-r"" Ottt
Compression Ratio r




Brayton/Joule Turbine Cycle

Combustion Open cycle (aircraft power plant):
« chamber a-b Compression (x 10-20), adiabatic g=0
Fuel —— b-c Combustion (p=const.)

c-d Turbine work, w; # 0, adiabatic (g=0)

b \
i v . W d-a Exhaust waste energy (p=const.)
\'V\'.H” :> <: qb_)c = hC — hb = Cp o (7-(: — Tb) > O aDSOrbed @p — COHSt

@ L Compressor Turbine | 4 44, =h,—h, =c, -(Ta - Td) <0 emitted @p = const

Y
Air < Atmosphere ¢ Exhaust gases Weom = hy —h, =¢, (T, -T,) >0 received@q =0

w,=h.-h,=c,-(T.-T,)<0 done @q=0
p q, .. net work w=w,-w_, =(h.—h,)-(h,-h,)
A

’I qb—)C c b ‘$r c inDUt Ay = hc - hb
Y i ‘ o = w _(hc_hd)_(hb_ha)
> W a = =
[.7 { Wt Wco qb—)C hC - hb
H",cnm = d c=1- hd _ ha
il 0« y d b=,
qd—>a q C—V—l
¢ d—a . . pb Cp
=2 >V Adiabatic EOS :|¢ = 1- (—
p
Compression p,/p,=10, c,/c,=1.3 > ¢=0.41 I d
Turbine exhaust still very hot > can use again









